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The notion of non-decreasable dilatation for quasiconformal mappings, which was intro-
duced by Edgar Reich, plays an important role in the theory of extremal quasiconformal
mappings. It is an interesting open problem so far whether an extremal quasiconformal
mapping with non-decreasable dilatation exists in every Teichmüller equivalence class.
In this paper, we have partially solved this problem. It is proved that for every Teich-
müller equivalence class [ f ], there exists an extremal quasiconformal mapping g in [ f ]
with weakly non-decreasable dilatation.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let D and D ′ be two simply connected Jordan domains, and f be a quasiconformal mapping of D onto D ′ . Suppose
ξi (i = 1,2,3) are three points on the boundary of D in the anticlock orientation.
Deﬁne Q ( f ) to be the family of quasiconformal mappings of D onto D ′ which agree with f on the points ξi (i = 1,2,3).
Let f˜ ∈ Q ( f ), we say f˜ is Teichmüller equivalent to f , denoted by f˜ ∼ f [2,3], if
f˜ |∂D = f |∂D .
The Teichmüller equivalence class of f is denoted by [ f ]D , or brieﬂy by [ f ]. Obviously, the Teichmüller equivalence
class [ f ] is uniquely determined by the boundary values f |∂D .
For a quasiconformal mapping g , deﬁne μg(z) = gz(z)gz(z) , which is called the complex dilatation, or the Beltrami coeﬃcient
of g .
On the contrary, for a given μ(z) ∈ L∞(D) with ‖μ‖∞ < 1, by the Existence Theorem of quasiconformal mappings [1],
there exists a unique quasiconformal mapping g ∈ Q ( f ) whose complex dilatation is μ(z). In the following, we write g
as gμ . Deﬁne μ1 ∼ μ2 if gμ1 ∼ gμ2 , and denote by [μ]D the equivalence class of μ. Then the Teichmüller equivalence class
[ f ]D can also be denoted by [μ f ]D , or brieﬂy by [μ f ]. In other words, g ∈ [ f ]D if and only if μg ∈ [μ f ]D .
Deﬁne K f (z) = 1+|μ f (z)|1−|μ f (z)| which is called the local dilatation of f , and K [ f ] =
1+‖μ f (z)‖∞
1−‖μ f (z)‖∞ which is called the maximal
dilatation of f [4,5].
f is called an extremal quasiconformal mapping (or μ f is called extremal) in [ f ] if
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holds for any f˜ ∈ [ f ], and is called a uniquely extremal quasiconformal mapping (or μ f is called uniquely extremal) if
K [ f˜ ] > K [ f ]
holds for any f˜ ∈ [ f ] other than f .
The notion of quasiconformal mapping with non-decreasable dilatation was introduced by Reich in [6]. f is called to
have a non-decreasable dilatation (or μ f is called to be non-decreasable), if for any f˜ ∈ [ f ],∣∣μ f˜ (z)∣∣ ∣∣μ f (z)∣∣ almost everywhere in D
implies f˜ = f .
Obviously, if f is a uniquely extremal quasiconformal mapping, then it has non-decreasable dilatation. But the converse
is not true. On the problems of extremal and non-decreasable quasiconformal mappings the authors made some researches
[7,12–16]. It was proved [7] that there always exist inﬁnitely many quasiconformal mappings with non-decreasable dilata-
tions in every Teichmüller equivalence class [ f ], but it is still an interesting open problem [11,15] whether an extremal
quasiconformal mapping with non-decreasable dilatation exists in every Teichmüller equivalence class [ f ]. In this paper, we
prove a weaker result that there always exists an extremal quasiconformal mapping with weakly non-decreasable dilatation
in every Teichmüller equivalence class.
Now we give the deﬁnition of weakly non-decreasable dilatation as follows. We say f has a strongly decreasable dilata-
tion, if there exists a quasiconformal mapping f˜ in [ f ] satisfying the following conditions:
(1) |μ f˜ (z)| |μ f (z)| almost everywhere in D;
(2) There exists a domain G ⊆ D satisfying
|μ f˜ |G | |μ f |G | − δG ,
where δG is a positive number. Otherwise, we say f has a weakly non-decreasable dilatation or μ f is called weakly non-
decreasable. In other words, a Beltrami coeﬃcient μ f is called weakly non-decreasable if either μ f is non-decreasable, or
μ f is decreasable but is not strongly decreasable.
Our main result, Theorem 1, gives the existence of extremal weakly non-decreasable dilatation for every Teichmüller
equivalence class [ f ].
2. Main theorem
In this section, domains D and D ′ are considered as the unit disc .
Theorem 1. For every extremal quasiconformal mapping f = f μ from  onto itself, there exists an extremal quasiconformal mapping
g in Teichmüller equivalence class [ f ] with a weakly non-decreasable dilatation.
To prove Theorem 1, we need Lemma 1 as follows.
Lemma 1. (See [13, Lemma 4].) Let f be a quasiconformal mapping of  onto itself with a Beltrami coeﬃcient μ(z). Suppose z0 is an
arbitrarily given point in , then for any given ε > 0, there exists a δ (0 < δ < 1) and a quasiconformal mapping g of  satisfying the
following conditions:
μg(z) = μ(z), for all z with |z − z0| < δ2,
|μg(z)| < ε, for all z with δ2 < |z − z0| < δ,
and
g(z) = z, for all z ∈  with |z − z0| δ.
Proof of Theorem 1. If f is a quasiconformal mapping with a weakly non-decreasable dilatation, then Theorem 1 is proved.
So we assume that f is an extremal quasiconformal mapping with a strongly decreasable dilatation. Hence there is an
extremal quasiconformal mapping g in [ f ] and a domain G1 ⊆  satisfying |μg | |μ| almost everywhere in  and
|μg |G1 | |μ|G1 | − δG1 .
Let ε = δG12 and z0 ∈ G1, by Lemma 1, there exists a δ (0 < δ < 1) and a quasiconformal mapping g˜ of  satisfying the
following conditions:
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and
g˜(z) = z, for all z ∈  with |z − z0| δ.
From the proof of Lemma 1 [13], we know that the conclusion of Lemma 1 is still true when we substitute δ by any smaller
δ˜ (0 < δ˜ < δ). Let δ be small enough such that (z0, δ) = {|z− z0| < δ} ⊆ G1 and deﬁne f μ˜(ζ ) = g ◦ g˜−1(ζ ), where ζ = g˜(z).
By the chain rule of complex dilatation of quasiconformal mappings, we have [4,5]
μ˜(ζ ) = μg(z) − μg˜(z)
1− μg(z)μg˜(z)
∂z g˜(z)
∂z g˜(z)
,
where ζ = g˜(z). It follows that there exists a disc (z0, r) ⊂ (z0, r) ⊂ G1 and the Beltrami coeﬃcient μ˜ ∼ μ satisfying that
for any z ∈ (z0, r),
μ˜(z) = 0,
and for any z ∈  − (z0, r),∣∣μ˜(z)∣∣ ∣∣μ(z)∣∣.
Denote
A1 =
{
μ˜1 ∼ μ | there exists(z, r) ⊆ , μ˜1|(z,r) = 0,
∣∣μ˜1(z)∣∣ ∣∣μ(z)∣∣ for all z ∈ }.
From the above discussion we conclude that A1 = ∅. For any ﬁxed μ˜1 ∈ A1, let r˜1 be the supremum of r such that there
exist some z1 and (z1, r) ⊆  with
μ˜1|(z1,r) = 0,
∣∣μ˜1(z)∣∣ ∣∣μ(z)∣∣ for all z ∈ .
Let r1 = supμ˜1∈A1 {r˜1}, now we claim that this sup can be replaced by max.
In fact, if there exists an extremal quasiconformal mapping f˜ in [ f ] and a disc 1 = {|z − z1| < r1} satisfying
μ f˜ |1 = 0,
∣∣μ f˜ (z)∣∣ ∣∣μ(z)∣∣ for any z ∈ ,
then we let g1 = f˜ . Otherwise, there exist sequences { fn} and {Dn}, where Dn = {|z − αn| < ln} ⊆ , satisfying
1. fn ∈ [ f ], fn is extremal (n = 1,2, . . .),
2. μ fn |Dn = 0, |μ fn (z)| |μ(z)| for any z ∈  (n = 1,2, . . .) and
3. ln < r1 (n = 1,2, . . .), limn→∞ ln = r1.
We claim that there exists a subsequence {Dn j } of {Dn} satisfying
m
( ∞⋂
p=1
∞⋃
j=p
Dn j
)
= πr21,
where m(
⋂∞
p=1
⋃∞
j=p Dn j ) is the Lebesgue’s measure of the set
⋂∞
p=1
⋃∞
j=p Dn j .
It is obvious that
m
( ∞⋂
p=1
∞⋃
j=p
Dn j
)
 πr21.
If for any subsequence {Dn j } of {Dn},
m
( ∞⋂
p=1
∞⋃
j=p
Dn j
)
> πr21,
since limn→∞ ln = r1, Dn ⊆ , there exists a subsequence {αn j } of {αn} satisfying
lim αn j = α0 ∈ .
j→∞
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|αn j − α0| < ε,
and hence, for any j > N, we have Dn j ⊆ {|z − α0| < r1 + ε}. It concludes that
m
( ∞⋂
p=1
∞⋃
j=p
Dn j
)
 π(r1 + ε)2.
Since ε is arbitrary, it reduces a contradiction, which proves our claim that there exists a subsequence {Dn j } of {Dn}
satisfying
m
( ∞⋂
p=1
∞⋃
j=p
Dn j
)
= πr21.
Let
Ω = limDn j =
∞⋂
p=1
∞⋃
j=p
Dn j .
We have
m(Ω) = lim
p→∞m
( ∞⋃
j=p
Dn j
)
= lim
j→∞
m(Dn j ).
Since for any n j ,{
z: z ∈ Ω, μ fn j (z) = 0
}⊆ Ω − Dn j ,
then
lim
j→∞
m
{
z: z ∈ Ω, μ fn j (z)|Ω = 0
}=m(Ω).
We conclude that
lim
j→∞
μ fn j (z)|Ω = 0, a.e.
By the standard normal family theory of the quasiconformal mappings, there exists a subsequence of { fn j }, without loss of
generality, we still denote it by { fn j }, which converges locally uniformly to a quasiconformal mapping fˆ ∈ [ f ]. By a theorem
of Strebel [9], we have∣∣μ fˆ (z)∣∣Ω ∣∣ limj→∞
∣∣μ fn j (z)∣∣Ω ∣∣.
It follows that
μ fˆ |Ω = 0, a.e.
Let g1 = fˆ and 1 = {|z − α0| < r1}, we have
μ fˆ |1 = 0,
∣∣μ fˆ (z)∣∣ ∣∣μ(z)∣∣ for any z ∈ .
Hence, for any case, we ﬁnd g1 = gμ11 in [ f ] and a disc 1 = {|z − z1| < r1} satisfying
μ1|1 = 0,
∣∣μ1(z)∣∣ ∣∣μ(z)∣∣ for any z ∈ ,
which proves our claim that r1 = maxμ˜1∈A1 {r˜1}.
If g1 is a quasiconformal mapping with a weakly non-decreasable dilatation, then Theorem 1 is proved. So we assume
that g1 is an extremal quasiconformal mapping with a strongly decreasable dilatation. Hence there is an extremal quasicon-
formal h in [ f ] and a domain G2 ⊆  satisfying |μh| |μ1| almost everywhere in D and
|μh|G2 | |μ1|G2 | − δG2 .
Note that G2 ⊆  − 1 is crucial in our discussion.
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A2 =
{
μ˜2 ∼ μ1 | there exists(z, r) ⊆  − 1, μ˜2|(z,r) = 0,
∣∣μ˜2(z)∣∣ ∣∣μ1(z)∣∣ for all z ∈ }.
It follows that A2 = ∅. For any μ˜2 ∈ A2, let r˜2 be the supremum of r such that there exist some z2 and (z2, r) ⊆ −1
with
μ˜2|(z2,r) = 0,
∣∣μ˜2(z)∣∣ ∣∣μ1(z)∣∣ for all z ∈ .
Let r2 = supμ˜2∈A2 {r˜2}. With the same reason as above, this sup can be replaced by max. Thus, we can ﬁnd g2 = gμ22 in[ f ] and a disc 2 = {|z − z2| < r2} satisfying
μ2|2 = 0,
∣∣μ2(z)∣∣ ∣∣μ1(z)∣∣ for any z ∈ .
Continue the above procedure, if gn = gμnn is an extremal quasiconformal mapping with a strongly decreasable dilatation,
analogously, denote
An+1 =
{
μ˜n+1 ∼ μn
∣∣ there exists (z, r) ⊆  −( ⋃
i<n+1
i
)
, μ˜n+1|(z,r) = 0,
∣∣μ˜n+1(z)∣∣ ∣∣μn(z)∣∣ for all z ∈ 
}
,
we can ﬁnd gn+1 = gμn+1n+1 in [ f ] and a disc n+1 = {|z − zn+1| < rn+1} satisfying
μn+1|n+1 = 0,
∣∣μn+1(z)∣∣ ∣∣μn(z)∣∣ for any z ∈ .
Thus, we can obtain a sequence of extremal quasiconformal mapping gn = gμnn in [ f ] and a disc sequence {n} satisfying
the above properties.
From the fact that i ∩  j = ∅ for any i, j (i = j), we obtain that for any ε > 0, there exists a positive number N, such
that rn < ε for any n > N.
Let Bn = {z: z ∈ , μn(z) = 0} (n = 1,2, . . .). Then we have Bn ⊆ Bn+1 (n = 1,2, . . .). Let
W = limBn =
∞⋂
n=1
∞⋃
j=n
B j .
We have
m(W ) = lim
n→∞m
( ∞⋃
j=n
B j
)
= lim
n→∞m(Bn).
Since for any n,{
z: z ∈ W , μn(z) = 0
}⊆ W − Bn,
we have that
lim
n→∞m
{
z: z ∈ W , μn(z)|W = 0
}=m(W ).
We conclude that
lim
n→∞
∣∣μn(z)∣∣W ∣∣= 0, a.e.
By the standard normal family theory of the quasiconformal mappings, there exists a subsequence {gn j } of {gn} converges
locally uniformly to a quasiconformal mapping gμ00 ∈ [ f ]. By a theorem of Strebel [9], we have∣∣μ0(z)∣∣W ∣∣ limn→∞∣∣μn(z)∣∣W ∣∣.
It follows that
μ0|W = 0, a.e.
We claim that g0 = gμ00 is an extremal quasiconformal mapping in Teichmüller equivalence class [ f ] with a weakly non-
decreasable dilatation. In fact, if g0 is not an extremal quasiconformal mapping with a weakly non-decreasable dilatation,
then there is an extremal quasiconformal hνˆ in [ f ] and a domain G ⊆  satisfying |νˆ| |μ0| for z ∈  and
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By Lemma 1, there is an extremal Beltrami differential ν˜ ∼ μ0 and a disc (z0, r) ⊂ (z0, r) ⊂ G , such that∣∣ν˜(z)∣∣ |μ0|
for all z ∈ , and
ν˜(z) = 0 < ∣∣μ0(z)∣∣
for all z ∈ (z0, r).
But since rn → 0 (n → ∞), it contradicts the construction of μn . The proof of Theorem 1 is complete. 
3. An example
Following [8], a quasiconformal mapping f of D is said to be locally extremal if for any domain G ⊂ D the mapping f is
extremal in G with respect to its boundary values f |∂G . It is well-known that unique extremality implies locally extremality.
It is natural to ask a question that whether non-decreasability or weakly non-decreasability implies locally extremality. The
following example gives the above question a negative answer. First we need some deﬁnitions as follows.
For every point p in the boundary of the domain D, let h∗p(μ) be the inﬁmum of the essential supremum norm of μ(z)
over all open sets Vr = O (p, r) ∩ D , and hp([μ]) be the inﬁmum of h∗p(μ) over all μ in the equivalence class of [μ]. Deﬁne
Hp
([μ])= 1+ hp([μ])
1− hp([μ]) ,
which is called the local boundary dilatation of [μ] at the point p. Let f μ be the quasiconformal mapping of  onto itself
with a Beltrami coeﬃcient μ(z) as follows:
μ(z) =
{
k ϕ¯|ϕ| , z ∈  −  14 ,
0, z ∈  1
4
,
where ϕ = 1
(z−1)2 , k (0 < k < 1) is a constant and  14 = {z: |z| <
1
4 }. Denote f˜ to be the inverse of f μ with the complex
dilatation μ˜. By a theorem in [7], μ˜ is non-decreasable. Let A = {z: |z| < 12 }. Suppose that μ˜| f (A) is extremal in [μ˜] f (A) .
Since
Hp
([ f˜ ])= 1 < K = 1+ k
1− k
for every point p in the boundary of the domain f (A) [10], by the Strebel’s frame mapping theorem [3,4,10], f˜ | f (A) is a
Teichmüller mapping and |μ˜| f (A)| ≡ k, which is a contraction. Hence μ˜| f (A) is not extremal in [μ˜] f (A) . It follows that μ˜ is
not locally extremal.
Open problem. It is not known whether μ is a weakly non-decreasable dilatation implies that μ is a non-decreasable
dilatation.
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